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Notation

X Set (alphabet, always finite)

x Generic element of X

X Chance variable taking values in X

Px () Function that maps X — [0, 1], such that Px (z) = Pr (X = x)
xn A sequence of n chance variables: X" = (X1, Xo, ..., X,,)

Hy (p) Entropy of a p-Bernoulli random variable

l(x) Length of string C (x)

x A sequence of observations of X

p" (AE")(P)) Equivalent to : Pr (g c AE’”(P))

) Input distribution for a channel: Q € P ()
QW) (V) Equivalent to: 3,4 Q () W (Y | X = )
(QoW)(X,Y) Equivalent to: Q (X)W (Y | X)



1 Introduction

In this course, we will develop the theory to study Digital Communication
Systems (DCS), as shown in To be exact, we will consider DCS that
have a Discrete Memory Source (DMS), such that the input is a finite
alphabet.

encr.

efer
n source | _bits ] bits oh. |z y(t) bits ] bits source
source l—’I onooder I—’I encription |—>| encoder |—>| channel decoder decription reconatr.

Figure 1: Discrete Memory System schematics

We will now define some of the main concepts that we will provide as a base for
developing the theory.

1.1 Entropy
Definition 1.1 (Entropy). We define entropy as:

H(X) =Y Px(z)log <le(x)> [bits]

reX

where 0log <(1)> =0

We also note that H (X) is not a function of X, but it is a function of P (X):
we may also write H (Px)

Example 1.1

Let’s consider the example of tossing a coin: X = {H, T}. In this case we have
that: Px (H) =p=1— Px(T) s.t. 0 <p < 1. We can compute the entropy as
follows:

H (X) = Px(H)log (PXEH)) + Px(T) log (PX1(T>>

ORISR

We have just defined the entropy of a Bernoulli variable H,. If we observe the
value of Hj, () we obtain the following graph:



1hit by
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Value of H,, ()

L
From the definition, we observe that we can write the definition of entropy as

follows:

o0 1)
=Ex [{(z)]

Definition 1.2 (Self information). Given a chance variable X which takes value

in X, we define {,: X = R, {,= log (ﬁw)) as self information.

Remark. If we set g = {,, we observe:

Exlg@] =Y Px(a)g(@) = 3 Px(@)(@) = 3 Px(x) log( ! )

zeX reX zeX PX (JZ)
=Ex [{(z)] = H (X)
We observe that the entropy is always positive:

Theorem 1.1 (Positivity of entropy). Given a chance variable X which takes
value in X, it always holds that H (X) > 0. Moreover, H (X) = 0 if and only
if Px(-) is deterministic.

Proof

First, we observe that:

H(X)= Y Py(a)log (le()) >0

rzeX

As Px(x) > 0 by definition of probability and log (%) > 0.

We also observe that Px(x)log (ﬁ(%)) = 0 only if Px(z) =0 or Px(x) = 1.
As Y cx Px(xz) = 1, we obtain that the equality holds if and only if Px(-) is
deterministic.



Later, we will also prove the following theorem:

Theorem 1.2 (Upper bound of entropy). Given a chance variable X which
takes value in X, it always holds that H (X) < log|X|. Moreover, H (X) =
log |X| if and only if Px(-) is uniform.

1.1.1 Relative entropy

We can now define the relative entropy between two chance variables:

Definition 1.3 (Relative entropy). Given two PMFs P, @ on X, we define the
relative entropy between them as follows:

D(PlIQ) = Y- Pela)ios (5) # Di@iir)
reX

Remark. We need a precise definition that covers the cases where P or ) are 0:

DPIQ)= Y. px@)log(P(x))

z€X,P(x)>0 Q (:C)

Where D (P||Q) = +o0 if it exists € X’ such that P(z) > 0 and Q (z) =
We can also observe that D (P||Q) =Ep [log (P(X))}

Q(X)
Example 1.2

Let’s consider two PMFs Py, Py defined on the alphabet X', where Py = ﬁ is
the uniform distribution on X'. We observe that:

D (Pxl|Py) = 3 Px(a) (ﬁ;‘@)

reX ( )
= Z Px(x)log (le(x)>
zeX ﬁ
— 3 Py log (Px (a)]Y)
=Y Px(x)log|X| + Y Px(x)log (Px(x))
reEX TEX
1
= log |X| — ZPX 10g< X(-T)>

zeX
— log || - H (Px)

10



1.1.2 Jensen’s inequality

Definition 1.4 (Concave function). A function f (-) is concave if Vz,y,\ €
(0,1):

fQz+1=XNy) >Af(x)+1—=N) f(y)
If the function is twice differentiable, it is concave if and only if f” < 0.

Definition 1.5 (Convex function). A function f () is convex if —f (-) is con-
cave.

Having the definition of a concave function, we can now introduce Jensen’s
inequality:

Theorem 1.3 (Jensen’s inequality). Given a random variable X and a concave
function f (-), it holds that:

fEX]) ZE[f (X)]

Moreover, if f is strictly concave, then it holds with equality if and only if X is
deterministic.

Proof

Given the function f, we can write the second-order Taylor expansion:

£ (2) = f (o) + (2 = w0) f (w0) + 5 (&~ 20)* S (€)

For some & € [z,x0]. Concavity implies that (z — z)” f” (€) < 0. It follows
that:

f(x) < f(wo) + (z = x0) ' (20)

Then, we can write:

E[f ()] <E[f (z0)] + E[(z — z0) J' (x0)]

If we choose z¢ = E [z], then:

E[f (o)) <E[f (wo)] + Ele—alF (00) = E[f (#)] <E[f (a0)]

This result allows us to prove the non-negativity of the relative entropy:

Theorem 1.4 (Positivity of relative entropy). Given two PMFs P,Q on X, it
always holds that:

D(P|lQ) =0

Equality holds if P = Q.

11



Proof

First, we note that log () is a concave function, thus:

ot - 2 e (4

:Z;f[bg (2
<logEp [ggﬂ ([Femsons Tmoq)
(L)

=log(1) =0 — D(P[|Q) =0

In Example 1.2 we obtained that D (Px||Py) = log|X| — H (Px). We obtain
that:

e Since D (P||Q) > 0, it holds that H (Px) < log|X| (Theorem 1.2))

e If D (Px||Py) = 0, then we can conclude X ~ Unif: the uniform distribu-
tion is the maximizer of H

Another useful theorem is the Log-sum inequality:

Theorem 1.5 (Log-sum inequality). Given two sequences a; > 0,b; > 0 for
i=1,...,m, it holds that:

Sova(i)- (50 e (228)

Proof

Let’s consider a = Y a; and b = Y b;, we first note that % > 0,% > 0
and ) %4 =1 Z b% — 1. For this reason we can build two PMFS P, Q, with

probabilities %, f From [Theorem 1.4 we know that:
D(P|lQ) =0

12



Thus, we derive that:

1.1.3 Joint Entropy and Conditional Entropy

Another fundamental element of information theory is joint entropy:

Definition 1.6 (Joint entropy). Given two chance variables X,Y which take
value in X, Y, with jointly distributed according to (X,Y) ~ Pxy : Pxy (a,b) =
Pr(X =a,Y =b), we define the joint entropy of X and Y, H(X,Y), or
H (Px_’y)), as

S 3 ey (2.)log (1)

TEX yeY Pxy (z,y)

We also note that H (X,Y) = H (Y, X). This can be extended to n > 2 chance
variables.

Remark. Because the joint entropy is entropy, it takes all the previously stated
properties of entropy.

Another important element is conditional entropy:

Definition 1.7 (Conditional entropy). Given two chance variables X, Y which
take value in X,), with jointly distributed according to (X,Y) ~ Pxy :

Pxy (a,b) =Pr(X = a,Y =b), we define the conditional entropy of X|Y =
H(X|Y =y) as:

1
H(X|Y =) P 2)log ()
;\, Xy =y ( Px|y—y (z)

From this, we can derive the general definition of conditional entropy H (XY)

13



as the expectation of H (X|y = y) taken over y:
H(X|Y)=Ep, [H (XIY =y)]
= Z Py (y) H (X]Y =y)

yey
1
P 1
_%M; %y g<PX|Y=y(x)>
—Q;%PXY rlos <PXY y (@ ))

We can now derive a very important property of joint entropy:

Theorem 1.6 (Chain rule for joint entropy). Given the joint entropy between
two chance variables H (X,Y), it holds that:

HX)Y)=HX)+H{Y|X)=H(Y)+H(X]Y)
In general, given n > 2 chance variables, it holds that:

H(X™=H(X;)+H(Xa|X1)+ -+ H(Xp|X1,..., Xn_1)

= Zn:H (XX

i=1

This means that the uncertainty of two experiments is the uncertainty of one,
plus the uncertainty of the second one given the result of the first. We are going
to prove this theorem for two chance variables, but the proof is analogous for n
chance variables:

Proof

I 1
H(X,)Y)=E log ———
( I ) PX,Y i Og PX7Y (I,y):|

=E -log 1 ]
Py |75 Py (y) Pxjy—y (X)

+ log

—Ep,, _log%(y) } — H(Y)+ H(X]Y)

Pxy—y (v)

Remark. If X 1 Y, then Pxy = PxPy. It follows that

H(X)Y =y)=H(X) = H(X|Y)=H(X)

14



1.2 Mutual information
Using entropy, we can define another important element of information theory:

Definition 1.8 (Mutual information). Given two chance variables X,Y which
take value in X,)), we define the mutual information between X and Y,
I(X;Y) as:

I(X;Y) =H(X) - H(X[Y) (1)
=H(Y)-H(Y|X) (2)
=H(X)+H(Y)-H(X)Y) (3)
=D (Px,y||PxPy) (4)

The mutual information can be interpreted as the uncertainty of X minus the
uncertainty of X once Y is revealed (or how much information Y conveys about
X), and vice-versa.

Proof

We are now going to prove the equivalency of the definitions, taking (1) as the
main definition. We start by proving (3):

I(X;Y)=H((X)-H((X|Y)
=H(X)-[H(X,Y)—-H(Y)] (Chain rule)
=H(X)+H(Y)-H(X,Y)
As H(X,Y) = H (Y, X), we conclude that (2) is valid. To prove (4) we write:

Pxy (z,y) )

D (Pxy|IPxPy) =) Px.y (w,y)log (Px(:c)Py(y)

z,y

= ZPX,Y (Z,y) log (PX,Y (.’E, y))

T,y

+ 3" Py (2,1)log (pxlw)

z,Y

+> Pxy (z,y)log (Pyl(y)>

1 1
] + Exy [log ] +Exy [log ]

=—-Exy {10{% Px (z) Px (z)

Pxy (z,y)
2 _HX,)Y)+H(X)+H(Y)=I(X;Y)

—~
=

Where (¢) follows from Ex [f (z)] = Ex.y [f (z)]:

Ex[f(@)] =) Px@)f(x)=> Pxy(zy) f () =Exyl[f(z)]

T,y

15



Remembering that Py (z) =3_, Pxy (z,9).

L
These different definitions reveal some interesting properties of mutual informa-
tion:

Theorem 1.7 (Positivity on mutual information). From (4) we obtain that
I(X;Y) >0, with equality if and only if X LY

Theorem 1.8 (Upper bound on mutual information). From (1) and (2) we
obtain that I (X;Y) <log|X]|

Theorem 1.9 (Symmetry mutual information). Because H (X,Y) = H (Y, X),
from (3) we obtain that I (X;Y) =1(Y;X)

Theorem 1.10 (Conditioning reduces entropy). Because I (X;Y) > 0 com-
bined with (1), we obtain that H (X|Y) < H (X). FEquality holds if and only if
X1lY.

Also, we state and prove the following theorem:

Theorem 1.11 (Concavity of entropy). Entropy is concave, i.e. given two
PMFs P,Q and A € [0,1], it holds that:

HAP+(1-MNQ)=2AH(P)+(1-XNH(Q)

Where (AP + (1 = A) Q) (z) = AP (z)+ (1 — X\) Q (x). Equality holds if and only
if P=Q.

Proof

First, we prove that (AP + (1 — \) Q) (x) is a PMF. We easily prove that it is
always positive:

AP+ (1=X2)Q) (@) =AP(z)+(1-X1)Q(x) =0
Then:

SAP+A-NQ) (2) =) AP @)+ 1-NQ)=A+(1-))=1

X

To prove the theorem we define a new chance variable E taking values in {0, 1},
such that Pr(E =0) = XA and Pr(E =1) =1 — A. We can now write:

Pxp(z)=AP(z)+(1 -\ Q(z)=Pr(E=0)P(z)+Pr(E=1)Q ()
Because of we can write:

H(X|E)=Pr(E=0)H(X|E=0)+Pr(E=1)H(X|E=1)
=AH (P)+(1-))H(Q)

16



Because of [Theorem 1.10F
NH(P) + (L~ N H (Q) = H (X|E) < H(X) = HOP+ (1-3)Q)

We note that equality holds if and only if X 1 E. We observe that this is true
if Px g (z) = PxPgr. We can write:

Px.p(2) = AP (2) + (1 - \)Q (z) = Py

Which hold if and only if P = Q.

We can now define conditional mutual information:

Definition 1.9 (Conditional mutual information). Given three chance variables
XY, Z, we define the conditional mutual information I (X;Y|Z) as:

I(X;Y|Z) = ZPZ I(X;Y|Z=2)=) Pz(2)I(Pxy|z—:)

Remark. Because of the positivity of the mutual information, it holds that
I(X;Y|Z) > 0, with equality if and only if T (X;Y|Z =2) = 0 Vz. In this
case, we say that X 1 Y|Z (X and Y are conditionally independent on Z), and
X —o— Z —o— Y form a Markov Chain.

We also note that:
I(X;Y|Z) = ZPZ [(X;Y|Z =2)
_ZPZ H(X|Z =2)~ H(X|Y.Z = 2))
=H(X|Z)— (XY, 2)

Similarly to conditional entropy, a chain rule exists for mutual information:

Theorem 1.12 (Chain rule for mutual information). Given the mutual infor-
mation entropy between n + 1 chance variables X™,Y , it holds that:

n
I(X™Y) =Y T(X;Y|X"71)

i=1

1.3 Fano’s inequality

Fano’s inequality is a fundamental inequality that ties the quantity from the
probability of errors and HP tests to information theory. Informally, it states
that if you can guess X from Y 7reliably”, then H (X]Y') must be small. This
means that the best guess is the one that guesses the most probable outcome.
Formally:

17



Theorem 1.13 (Fano’s inequality). Given two chance variables X,Y that take
values respectively in X,Y, distributed according to the joint probability Px y
over X X Y, a guessing function g : Y — X and a probability of error with value
pe =Pr(X #g(Y))=> Px () Pr(err|X = ), then it holds that:

H (X|Y) < Hy (pe) + pelog (|X] — 1)
Remark. A looser version of Fano’s inequality states that

H (X]Y) <1+ pelog (|X])

Proof

We define a chance variable E:

E{l it gy #a

0 otherwise

Using the [chain rule] we can now write:

H(X,ElY) Y H(X|Y) + HEXY]
H(X,EBY) Y H(E]Y) + H(XETY)

0

0

It follows:
H(X|Y)=H(E|Y)+ H (X|E,Y)

0

< H(E)+H (X|E,)Y)

— Hy(pe) + H (X|E,Y)

(iv) 0 Pe

= Hp(p.)+Pr(E=0)H (X|E=T10,Y)+Pr =1)H (X|E=1Y)
=H, (pe) +peH (X‘E = LY)

(v)
< H, (pe) + De 10g(|X| - 1)

Where (i), (i2) , (iv) hold because knowing two out of X, Y, FE implies knowing
the third; (i#¢) holds because |conditioning reduces entropy|and (v) hold because
H(X) < log(|X]), and if E = 1 is fixed, we can rule out one value of X,
obtaining H (X|E =1,Y) <log(|X| —1).

If we have X, ..., X, I Ber (p), the following holds:

H (X:|X:) < Hy (Pr [ X; # %3] ) +Pr [ X # %] bg(l\ff;l_l)

o)

18



We also note that Hy, (pe) + pe log (m — 1) is a non-decreasing function in p, for
Pe € [0, mT*l] We prove this using concavity of H:

1
Hyy (pe) + pelog (m — 1) = p, log p— + (1 —p.)log + pelog (m —1)

lfpe
m—1 1
= pelog + (1 = pe) log
Pe lfpe
m—1)/m 1/m
zlogm—i-pelog%—i-(l—}?e)logﬁ

—togm 0 (1901 (" 1)

Relative entropy is non-negative and equal to zero if and only if the arguments
coincide. It follows that we obtain the maximum of Hj (pe) + pe log (m — 1) at
Pe = (m — 1) /m. Since Hy (pe) + pe log (m — 1) is a sum of entropy and a linear
function (which are both concave), and the sum of concave functions is concave,
Hy, (pe) +pe log (m — 1) is non-decreasing in p. € [0, %], and is non-increasing
for p. € [mT*l, 1].

2 Source coding

Source coding refers to solving the problem of representing outcomes using bits.

2.1 Codes

To represent outcomes using bits, we use codes:

Definition 2.1 (Code). Given a chance variable X that take value on a finite
input alphabet X', and a PMF Px on X and a finite output alphabet ), a code
is a mapping from outcomes to strings:

C:X—=Y)Y

Example 2.1

For example, we can consider the finite input alphabet X = {a, b, ¢, d}, and the
binary output alphabet 0,1 = {0,1,00,01,11,...} and the following code:

e a—0
e h—1
e c—1

e d— 10

19



.
We will work mainly with the binary output alphabet. We immediately note

that the code in Example 2.1 is a bad code, as multiple input elements are
mapped to the same output string. For this reason, we need a way to identify
good and bad codes:

Definition 2.2 (Non singular code). A code C: X — {0,1}" is non singular
if there are not two outcomes of X mapped to the same string:

x#2 = C(z) #C(2))
From this, we can define:

Definition 2.3 (Expected description length). Given a chance variable X that
take value on a finite input alphabet X and a code C, we define the expected
description length of code C, L (C) as:

L(C) = Px(a)¢(x)

zeX

A good question to start with is: how do we minimize L (C)? The main idea is
to give the most probable outcomes the shortest code. But what happens if we
have a sequence of input outcomes?

Example 2.2

Continuing from example Example 2.1, we modify our code s.t. it is non sin-
gular:

e a—0
ebh—1
e c— 10
e d—01
What happens if we try to decode the input sequence abed?

abed

2
abed — 0101 7 dba

L
It is not enough to ask for a non-singular code, we need a code s.t. every sequence
has a unique description: a uniquely decodable code. To define such code,
we need the following:
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Definition 2.4 (Code extension). Given a code C, the extension of code C,
denoted with CT is a code that maps strings of characters from input alphabet
X™ to {0,1}" by concatenation:

Ct (z129...70) — C (1) C (72) ...C () st. Ct:ax™—{0,1}*
We can now define a uniquely decodable code:

Definition 2.5 (Uniquely decodable code). Given a code C, it is a uniquely
decodable code if C* is non-singular.

We also define:

Definition 2.6 (Prefix-free code). Given a code C, it is a prefix-free code (or
instantaneous code) if no coded word is the prefix of another

From this, it follows:

Theorem 2.1 (Every prefix-free code is uniquely decodable). Given code C, if
C s prefix-free then it is uniquely decodable.

Proof

Consider the input sequence x1z5...x, and the encoding C (x1)C (x2) ...C (zn),
with C prefix-free. We can use the following decoding strategy:

1. Ask if the bit is a code:

e Yes: decode and go to the next bit

e No: include next bit
2. Continue

Using this strategy, if the code is prefix-free we ensure that the encoding will
be correct. If the bit(s) we are considering leads to multiple decoding options,
it would mean that the code is not prefix-free.

.
What is the relationship between the different types of codes? It is described
in This leads us to the Kraft’s inequality. Let’s say we are trying to
minimize the expected code length given a chance variable X with PMF Px:

arg min Px ()l (x
Ceu.d. codes; ( ) ( )

Which sets of lengths correspond to uniquely decodable codes? We cannot use
calculus, as we are in the integer domain.
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ALL CODES

UNIQUELY
DECODABLE

Figure 2: Relationship between types of codes

2.2 Kraft’s inequality

The Kraft’s inequality provides a characterization of the lengths of uniquely
decodable codes:

Theorem 2.2 (Kraft’s inequality). The Kraft inequality states that:

1. If £1,0o, ..., Ly, are positive integers such that Y ., 27% <1, then it exists
a prefiz free code of these lengths

2. If 1,05, ..., ¢, are lengths of the code-words of a uniquely decodable code
C, then it holds that Z?zl 274 < 1 and ¢; are positive integers

We will prove this theorem later. For now, we will continue with the question
we asked in the previous chapter:

arg min Px (z) ¢ (x
Ceu.d. codes‘,;v ( ) ( )

2.2.1 Bounds on L*

Given that we are in the domain of uniquely decodable codes, thanks to Kraft’s
inequality we can rewrite the problem:

L = min_ Z Px (z) £ (x) s.t. Zl 274 <1

First, we can limit ourselves to prefix-free codes, as in general the wider the
class the lower the minimum (Fig. 2| reminds us that the family of prefix-free
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codes is contained in the family of uniquely decodable codes). Furthermore, if
we find an amazing uniquely decodable code such that >, 274 < 1, we know
that there exists a prefix-free code with the same lengths (part 2 of Kraft’s
inequality). Second, we consider a relaxation of L*. Instead of searching for
integer lengths, we search in R™:

01,y ERF

L*> min Z Px (z) ¢ (z) s.t. 227& <1
i=1

We claim that we can write the equality in the constraint, as we can reduce ¢;
to achieve it. We note that Ly, < L*, as we are searching in a bigger domain.
We can now treat this as a calculus problem:

Theorem 2.3 (Lower bound on L*). Given a chance variable X, it holds that
L* > H (X)

To show this, we will prove that Ly, = H (X), from which it follows that
L* > H (X):

Proof

First, we claim we can solve this problem using the Lagrange multipliers:

5 n n o s,

_ 4 —¢;1In2
=Di — )\(;éze

=p;,—AIn2-27% =90

i 1
pi
(i) holds because > p; = >.27% = 1. We now show that ¢; = logz% is
optimal: suppose that ¢; € RY satisfies Y.27% = 1. Remembering that
H(X)=> pilog 1%’ we write:

Li. — H(X)

> pili =Y pi log%

_ ) —4; _ ) l
=—> pilog2™" = "p;log o
= pilog (;Z)

=D(Pll{z7"}) >0

First, we observe that {27%} describes a probability distribution, as 2% >
0,>27% = 1. We also note that this equality holds if and only if log (52%-) =0,

2
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meaning ¢; = log %. This implies that L, = H (X) with the optimal solution
l; = log i. Thus, we can conclude that:

L* > H(X)

We can also define an upper bound on L*:

Theorem 2.4 (Upper bound on L*). Given a chance variable X, it holds that
L*<H(X)+1

Proof

First, we show that if we define ¢; = [log piL the Kraft’s inequality is satisfied:

ZZ—&' 222_[104‘%%] SZQ_IOgPLi :sz =1

Thus, the expected length becomes:
1 1

With these two theorems we have bounded L*:
HX)<L*<H(X)+1

What happens if we describe two symbols at the time instead of one? We
normalize the length of the number of symbols described, and we obtain:

DL < 5 (H (X0, Xo) 1) = 3 (2H (P)+1) = H(P) +

Remark. We cannot do better than H (P), but it is possible to get arbitrarily

close: for n — oo:

1 1
—-L*<H(P)+—-—>H(P
LTS H(P)+ o H(P)

Example 2.3

If instead of using ¢; = {log pi—‘ we use a different distribution @, and ¢; =

{log qi—‘ we can write:
1
L@:EMME

Ny (1002 1
= sz <log " + log pi)
=D (P||Q)+ H (P)

In this case, D (P]|Q) represents a penalty we pay by using the wrong distribu-
tion instead of the true input distribution.
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2.2.2 Proving Kraft’s inequality

We start by proving the first part, i.e. that if /1, 4o, ..., ¢, are positive integers
such that >0, 274 < 1, then it exists a prefix free code of these lengths.

Proof

First, we note that given a prefix-free code, we can write it as a rooted binary

tree, as shown in

Figure 3: Tree construction for p.f. code a — 0,b — 10,¢ — 11

We order the lengths so that ¢; < /5 < ... < £,. To build the code, we proceed
in the following way:

1. Starting from the root we build a tree of depth ¢1, and assign a leaf

2. Starting from the root we build a tree of depth /5, and assign a leaf

n. Starting from the root we build a tree of depth /,,, and assign a leaf

When we extend the depth to £ 1, the total number of leaves of the tree will
be 2¢+1. Some sub-trees of the tree will be unavailable, as every assigned node
of the tree (the red ones in will block its sub-tree (dotted sub-tree in
Fig. 4). Every node at level ¢; will have 2»~% descendants at level £,,, and it
must hold that the total number of descendants of all nodes is less or equal to
2f» . Hence, summing for all nodes we obtain:

n

22%*@ <otr — 2"22,&_ <1

=1 i=1
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=
L1 — L | —=
[

1 2 1 2 3

Figure 4: Extension of the tree from depth ¢; = 2 to depth ¢5 = 3. The number
of unavailable leafs is 262~ = 232 = 2,

L
We can now prove part 2, i.e. that if ¢1, 45, ..., ¢, are lengths of the code-words

of a uniquely decodable code C, then it holds that ) ;" , 274 < 1 and /; are
positive integers

Proof

We are given a uniquely decodable code with lengths /¢4, ..., ¢,,. We can write:

i 27&- _ Z 27Z(:c)
=1

reX

We can now raise to the kth power:

k
(Z Qem) _ (Z zlm)) (Z 21<r2>> < 3 glm))
zeX r1EX ToEX rLEX

_ Z 9—lz1)9—l(z2) , ,  o9—Uzk)
T1EX ,x2€X, ...,z €EX

@ Y 2l
zeEXk

k-£
i max (#i1)
DN a2 < k-
V=1

Where (¢) holds if we define [ (z) = I (z1) + -+ + I (x)) as the length of the
concatenation; (ii) if we define a (V) = [{z € X* : I(z) = V}| < 2V and (iii)
holds because a (V)27Y < 2V27Y = 1. Now we take the kth root and obtain:

Z 275(13) S (k : gmax)l/k
reX

As this holds for every positive value of k, we make k — oo and obtain:

Z 9—t) <1

zeX
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2.2.3 Huffman’s procedure

Now that we know what is the minimum expected length, how do we find a good
code given an input alphabet? The solution is to use Huffman’s procedure.

Example 2.4

Let’s consider the input alphabet X = {a,b,c,d,e, f}. The chance variable
X has the following PMF: Py = (0.3,0.3,0.15,0.2,0.05). The idea behind
Huffman’s procedure is to create a tree: we combine the least likely symbols and
form a sub-tree with these symbols as leaves. This node will represent a new
symbol with a probability equal to the sum of the probability of these symbols.
We continue the process iteratively until we reach the root, as illustrated in

0.6 | 0.6

0.4 _

Figure 5: An example of Huffman’s procedure

In this case, we would obtain the following code: a — 00,6 — 01,¢ — 001,d —
01, e — 000.

L
How can we be sure that this leads to the optimal code in terms of expected

length?

Theorem 2.5 (Optimality of Huffman’s procedure). Given an input alphabet
X, a chance variable X with PMF Px on X, when applying Huffman’s procedure
we can restrict our search without loss of optimality to trees where the two least
likely symbols are siblings.

Proof

We note that:

e In any optimal tree, pi > p; = {; < ¢;

e There is no loss of optimality at having the two least likely symbols at
maximum length

e The number of leaves at maximum depth is even
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Thus, we can conclude that there exists an optimal tree where the two least
likely symbols are siblings.

L
Huffman’s procedure can be extended to any d-ary alphabet. The idea is to add
symbols with probability 0 until, for some integer V, it holds that:

V(d-1)=1|X|-1

where X is the alphabet X extended with the symbols with probability 0. Once
this is done, Huffman’s procedure is the same as the binary case, but we consider
the d least likely symbols at each step. In the end, we just remove the codes for
the symbols with probability 0.

2.3 Asymptotic equipartition property

Before introducing the asymptotic equipartition property, we introduce the no-
tion of typicality.

2.3.1 Typicality

Let’s consider the experiment of tossing a coin 250 times, and we are interested
in the number of heads and tails we obtain. Let’s say we obtain #H = 150 heads
and #T = 100 tails. In this case, we have obtained an empirical probability of:
150 - 100
— Px(T)=—
200 XD = 559

Is this the result we would have expected?

Py (H) =

Definition 2.7 (Exact typicality). Given an alphabet X, a sequence z € X™
and a PMF P, we define:

1 1 n

—-N =— Hz; =

2N (ale) = 3 e = )
We say that z is of exact type P if

P(a)= N (alz)

In this case, the results we obtained are clearly not strongly typical to Px =
(0.5,0.5). A more loose definition is:

Definition 2.8 (Strong typical set). Given an alphabet X, a sequence x € X™,
a PMF P and € > 0, the strong typical set 72(”) (P) C X" is defined as:

70 (p) = {x e xm ‘iN (alz) ~ P (a)

<eP (a)}
We say that sequence z is strongly typical to P if x € 7 (P).
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We can see here that € allows for a non exact solution. There is an even looser
version of typicality:

Definition 2.9 (Weak typical set). Given an alphabet X, a sequence z € ™,
a PMF P and € > 0, the weak typical set A (P) C X™ is defined as:

n
Agn) (P) = {f e X" . 9 nH(P)+e) < HP(&) < 2—n(H(P)—s)}
i=1

[T"_, P (&) is the probability of the sequence. We say that sequence z is weakly
typical to P if z € A™ (P).

Remark. We note that 7" (P) C AE”’ (P), meaning that strong typicality
implies weak typicality.
2.3.2 AEP

We can now state and prove the asymptotic equipartition property (AEP):
Theorem 2.6 (Weak asymptotic equipartition property). Given X, Xo, ..., X, D
P, it holds that:

lim Pr (g € AS”(P)) 51 VYe>0

n— o0

Proof

We need to prove that Pr (27(HP)+e) < T | P (z;) < 27nHI)=9) 1 for
n — oo. This is equivalent of writing:

Pr <1Og (2—n(H(P)+e)) < log (HP (%)) < log (2—n(H(P)—e))> _

i=1

— P (%(H (P)+0) <~ (Z 1ogP<xi>> < —w(H (P) - e>>

i=1
1 ¢ 1
:Pr(H(P)—egn;log<P(xi)> SH(P)+€>

We notice that = >, log (%) ~E [log %} = H (X). Using the law of

large numbers, for n — co we conclude that:

Pr<H(P)ESi;IOg<P(1xi)) SH(P)+6> —1

It also holds that:
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Theorem 2.7 (Strong asymptotic equipartition property). Given X1, Xs, ..., X,
PP, it holds that:
lim Pr (g c 7;<”>(P)> 51 VYe>0
n—oo
We can now prove these two lemmas:
Lemma 2.1. It always holds that | A (P)| < 2n(H(P)+e)
Proof
1> p" (A§”>(P))
= > PO
¢e Al (P)
= > JIr@
geAl™ (p)i=1
> Z g~ n(H(P)+e) (Weak typicality)
geA (P)
= |AM (p)|2~nH(P)+e)
This implies that [A™ (P)| < 2n(H(P)+e),
L
Lemma 2.2. For n large enough, it holds that |A§n) (P)| > 2nH(P)=¢)
Proof
l—e< P (AE”)(P)> (For n large enough,
= >, P
geAl™ (P)
< Z g n(H(P)=€) (Weak typicality)
geA™ (P)
= AL (PP
This implies that |A£n)(P)| > on(H(P)=e),
L
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2.3.3 Data compression

Given a sequence, x, how can we compress it? The idea is to use a flag 0/1,
where 0 indicates typicality and 1 the opposite:

e For typical sequences append the address in AE’”(P) using n (H (P) + ¢)
bits

e For non typical sequences append the address in X" using nlog|X| bits
We derive that the expected code length L (C) to describe n symbols is:

L (C) = Pr (typical) [1 + n (H (P) 4 €)] + Pr (non typical) [1 4+ nlog|X|]
If n — oc:

L (C) = Pr (typical) [1 + n (H (P) + €)] + Pr (non typical) [1 + nlog|X]]

—1 —0

Which implies the average length to describe one symbol is:
1 1
—L({C)=—+4+(H(P
L(C) =+ (H(P)+0)
[ —
—H(P)

So, how much can we compress?

Theorem 2.8 (Source coding theorem). Consider an encoder f : X™ — {0,1}*
and a decoder ¢ : {0,1}* — X. We define the probability of error as:

Pr(error) = Pr(¢(f (z)) # )
Then it holds that:
1. If k/n > H (P) + ¢, then P (error) = 0 as n — o0
2. If k/n < H (P) — 2¢, then P (error) — 1 as n — 0o

We are going to prove the second part:

Proof

We choose k/n < H (P) — 2. Given any f, ¢, the probability of success is
defined as:

Pr (success) = Pr (success and z is typical) + Pr (success and z is atypical)

We note that Pr(success and z is atypical) — 0 as n — oo. At most, 2*
typical sequences can be correctly described, and each one has probability
< 2—n(H(P)=¢) This means that:

Pr (success) < 2k n(H(P)=e) — g=n(H(P)=e=k/n)

< 9~ n(H(P)—e~H(P)+2¢)
— 2771,6

We note that 27"¢ — 0 as n — oo
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3 Channel coding

Before introducing the notion of channel coding, we are going to look at Markov
kernels.

3.1 Markov kernel

Definition 3.1 (Markov kernel). Given an input alphabet X and an output
alphabet ), a Markov kernel (or Markov channel) is defined as a transition
probability W (y|x), where W (y|z) is a PMF on Y i.e. for all z € X, it holds
that W (ylz) > 0 and - .y, W (ylz) = 1.

We can also introduce noiseless channels:

Definition 3.2 (Noiseless channel). A channel W (y|x) is said to be noiseless
if it can be written as:

W(ym:{l Ly

0 otherwise

Markov kernels can be written in matrix form:
w (y1|z1) W (y2|x1)
W (y|z) = | W (y2lz1)

Let’s look at some examples:

Example 3.1

The binary symmetric channel (BSC(p)) is a channel defined on input and
output alphabets X = ) = {0,1}, and the transition probability follows the
structure of with crossover probability p € [0, 1].

In matrix form:



Example 3.2

The Z channel is a channel defined on input and output alphabets X =
Y = {0,1}, and the transition probability follows the structure of with
crossover probability p € [0, 1].

Figure 7: Z channel

In matrix form:

wolo=(; )

Given the input PMF Py, we can compute the output probability:

Py (Y =y)=) Px (@)W (ylx)
reX

Moreover, Px in row vector form Px = [Px (x1), Px (z2), ..., Px (,)] and W
in matrix form, then:

Py = PxW

3.2 Block code

Let’s consider a BSC with crossover probability p = 0.1. If we send the inputs
as they are through the channel, it is easy to see that the crossover probability
will cause a 10% probability of error. How can we improve?

e What if we repeat every bit two times? It wouldn’t really help

e What if we repeat every bit three times and do majority voting?

3 3
P=(3)a-m s (3) 0~

e What if we repeat every bit five times and do majority voting?
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We see a reduction in the error probability, but every bit requires multiple
channel uses and becomes very expensive to send. How can we solve this? The
idea is to use block codes: we buffer k£ bits together and we send them over n
channel uses. Our encoder will be in the form of {0,1}* — X™. We would send
at rate of £ [P ] OQur decoder would be in the form of ¢ : Y™ — {0,1}*.

Furthermore, if we have the message set M C {0, l}k, we notice that we can
index the messages:

k  log M

=R — M=1{1,2,..,2"")
n n

3.3 Rate and capacity
How do we define the reliability of the rate R? We could talk about:

e The probability of error of message m:

yio(y)#m yio(y)#m =1

e The maximal probability of error Apax = max;eam Am

e The average probability of error P\ = Wll Yomem A

We can now define:

Definition 3.3 (Rate achievability). Given a channel, rate R is achievable if
for every € > 0 there exists some ng, (™, (™ of rate R such that for all n > ng,
Amax < €, or, equivalently, lim,, oo Apax = 0

Definition 3.4 (Channel capacity). Given a channel, its capacity C is the
supremum of all achievable rates (C = sup R). I.e., for every é > 0, rate C — 9
is achievable, while C + ¢ is not.

Remark. C > 0 for every channel: it always exists an achievable rate.

Definition 3.5 (Discrete memory-less channel). A discrete memory-less
channel (DMC) is a channel such that the distribution of Y;|X; does not
depend on the past values of y;|x;:

P (Zh‘\xz‘,xi_layiq) = P (yilz:)
We can now state a fundamental theorem regarding channel capacity:

Theorem 3.1 (Channel coding theorem (preview)). Given a DMC W, its ca-
pacity is C =maxgeo I (Q,W):

e Direct: R < maxqg I (Q,W) = R is achievable
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e Converse: R >maxq I (Q,W) = R is not achievable

How do we compute this? Let’s look at some examples:

Example 3.3

Let’s consider a BSC(p). We can proceed with the following steps:
1. Upper bound I(Q, W) for every Q:
1QW) =I(Y;X)
=H(Y)-H(Y]X)
=H(Y)- Y Q@H(Y|X =21

z€{0,1}
<log2— Z Qx)H(Y|X =x) (Y takes two values)
z€{0,1}
=log2—Hy(p) > Q) (H (Y]X = x) = Hy (p))
z€{0,1}

=1- Hb (p) bits VQ

2. Can we find a @ such that the previously found inequality I (Q,W) <
1 — Hyp (p) holds with equality? If the input distribution @ is uniform,
then the output distribution is also uniform, meaning that H (Y') = log 2,
meaning that I (Q, W) =1— Hy (p)

Example 3.4

Let’s consider a weakly symmetric channels, i.e. a channel where all rows
of W are permutations of the first row and all columns have the same sum:

1.
1QW)=I(Y;X)
=H(Y)-H({Y|X)
—HW) - Y Q) H (row)
z€{0,1}
=H(Y)— H (row) < log|Y| — H (row)

2. If we try the uniform distribution, being that all the columns have the
same sum:

P(Y =y) = Z Q)W Y| X =2)= ‘71| -sum of column
z€{0,1}

Then the distribution of Y is also uniform, meaning that I (Q,W) =
log |V| — H (row)
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Example 3.5

Let’s now consider a binary erasure channel, i.e. a channel with a transition
matrix:

l-p »p
1-p
0 @ o0
e ?
1 @uen s 'l
Zp

Figure 8: Binary erasure channel

These types of channels are very typical of packet communication, as the ? can
represent a lost packet. We cannot use the previous step because no () achieves
the upper bound with equality.

The first way to solve this is by using symmetry. As Os and 1s are treated in
the same way, we suppose that Q* (0) = 1/2 and @Q* (1) = 1/2. To verify that
this holds we write two possible distributions Qo = (a,1 — ), Q1 = (1 — o, @)
and suppose that both achieve capacity, i.e. C =1 (Qo,W),C =1(Q1,W). By

1 1 1 1
I<2Qo+2Q1,W) 3 I (Qo, )+§I(Q17W)=C

Equality holds if Qo = Q1 = (1/2,1/2) The second way is to proceed as
follows:

I(X;Y)=H(X)—H(X|Y)
H(X)= Y (@W)(y) H(X]Y =y)

yeY
= H(X)—(QW) (") H (X|Y =7) (H (XY €{0,1}) =0)
= H(X) - ( O)p+Q1)p) H(X)
= H (X) - pH (X)
=(1-pH ( )

It is easy to see that the maximum is obtained by having @ = (1/2,1/2), in
which case H (X) = H, (1/2) =1, thus I (X;Y)=1—-p
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3.4 Karush—Kuhn—Tucker conditions

As we have not proven the Capacity of a DMC yet, we will write C0) =
maxg I (Q,W). We now state a very important theorem regarding capacity,
which we will prove later:

Theorem 3.2 (Karush-Kuhn—Tucker conditions). Consider a channel W (Y|X),
the Karush—Kuhn—Tucker conditions (KKT conditions) state that:

e Sufficiency: if Q € P(X) and X € R are such that:
DW(|z) [[(QW) () <A VzeX
DW () [[(QW) () =A VzeX:Q(x)>0
Then Q achieves capacity and X = CY) = maxg I (Q, W)
e Necessity: if Q* achieves maxg I (Q, W), then:

D(W (o) [[(@W) () <P Veex
D(W (|2) | (QW) () =CD VaeX:Q" (z)>0

Why is this theorem important? Let’s look at Example 3.5:

Example 3.6

Previously we found that the optimal @* for the BEC is @* = (1/2,1/2), can
we verify that it is optimal? We note that (Q*W) (0) = % (1 —p), (Q*W) (1) =
3(1=p), (QW)(?) =p:

| Y=0 Y=1 Y=

W(EX=0)] 1—-p 0 p
([Xx=1)] 0 l-p p
@M@ | = 5

It follows:
D(W (X =0)[[(QW)())
1 — o [P oo (P oo [0
= p”g(;(l—p))“”g(p>+°1g(§<1—p>>
=(1-p)log2=1-p

Analogously D (W (-|X = 1) || (Q*W)(-)) = 1 — p. We have found that the
sufficiency conditions hold, thus we can conclude that Q* is indeed optimal.

L
We are going to prove the conditions, but we first need to introduce some more
theorems:
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3.4.1 Properties of I (Q, W)
We start by proving the following:

Theorem 3.3 (Concavity of I (Q, W) w.rt. Q). I(Q,W) is concave w.r.t. Q,
i.e. for all A € [0,1],Q1 € Q,Q2 € Q and channel W :

TAQL+ (1 =XN)Q2, W) > A (Q1, W)+ (1 =N I(Q2, W)

Proof

We note A = 1 — \. We first write:

H(QW)=H(Y)-H(Y|X)=H(@QW)- > Q(z)H(Y|X =xz)

reX

= I (AQ1 +2Q2) =
= H ((AQ1+2Q2) W) = Y (AQ1 +2Q2) (2) H (Y|X = 2)

zeX

It follows:
1(2Q1+23Q2)
= H (AQW +3Q2W) = 37 [AQu (@) H (Y] X = 2) + Q2 () H (Y|X = o)
TEX

> NH QW) + 3H QW) — 3° [A@1 (@) H (YIX = ) + 3Qs () H (V] X = )]
reX

=X (Q1, W) + X (Qz2, W)

3.4.2 Concave maximization

How do we find the maximum of a concave function? If we are in a constrained
problem, we also need ot check the edges of our constraint. Without the con-
straint, to check if £* achieves the maximum of f (£) we would need to check:

L Ty LEFRIED — p(e9) <0
2. limy_yor LEFNED = p (¢9) > 0

But if we are constrained and the optimal point lies on one edge, we cannot do
this. For this reason, the KKT conditions differentiate the cases where Q = 0
and @ > 0:

Theorem 3.4 (Concave maximization). Let f(«) be a concave function of
a = (ai,...,ay) over the probability simplezr R = {a: a; > 0Vi. > 1 a; = 1}.

Assume that the partial derivatives, 5({52‘) are defined and continuous over the
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simplex R with the possible exception that limg, o 6(’;{52‘) may be +o0o. Then for

N eR:

0/ (@) =X Vkst al>0
5ak a=a*

o/ (@) <X Vkst a=0
5ak a=a*

are necessary and sufficient conditions on a probability vector o to mazimize
f (@) over R.

3.4.3 Proof of KTT conditions

We can now prove the KKT conditions:

Proof

We first write:

W (y]2) Q (x)
2.2, Q@W )] (Qm Q) <y>>

W (y]2)
fZZQ W (yl) hl(Zz/Q(x’)W(yx’))

(We use the natural logarithms without loss of generality). We can now compute
the derivatives, using Qr = Q (xx):

ME%LW) ZZ”’”‘”}WW'“’C”‘](E Q@ (Z;‘;Cv)w'))
S, QE)W la!) W (yle) W (y]a)

+ Q(x) W (y|x) - .
Z; W k) W (ylo) (. Q)W (yla)”
_ o) In W (ylzk) ylrk . .
=L WOl e W e T e W ) 2 2 @Y 0
_ 2. 1n W (y|zg)
=2 Wl g W ey~ 2 )
W (y|zy)

:gw(ykck) In > Q@)W (yla) -1
=D (W (lz) [[(@W) () — 1

Sufficiency condition: from [Theorem 3.4} by setting \' = A — 1 we conclude
that @ maximizes I (-|WW) over all input distributions, i.e. @) achieves capacity.
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Then:

W (y]z)

oY ZZ@ W (ylz) ln(z ,Q<wf>W<y|wf>>
B o (W)
=2.Q@2 Wl 1(( ><y>>
—ZQ W () || QW) ()
(i))\

where (7) holds because @) achieves capacity and (i¢) follows from the hypothesis
of the condition.

Necessary condition: because (Q maximizes I (-, W) over all input distribu-
tions, we know by [Theorem 3.4] that there exists a A’ such that:

D(W (2) [[(QW) () =N +1 VzeX:Q(x)>0
DW () [(QW) () <N +1 VoeeX:Q(z) =

from the same computations as before, we obtain C' = I(Q,W) = X + 1, it
follows that \' +1=C

3.4.4 Convexity of relative entropy
We can now prove that:

Theorem 3.5 (Convexity of relative entropy). The relative entropy D (-]-) is a
convex function, i.e. given four distributions Py, Pa, Q1,Q2, for every X € [0,1]
it holds that:

D (AP + (1 = \) B|[]AQ1 + (1 = X) Q2) < AD (P1]|Q1) + (1 — \) D (P%]|Q-)

Proof

We consider A = 1 — \. We can write:

D (APL 4+ AP2||AQ1 + A\Q2) =

- GCEZX )\Pl ARG )) o AQ1 () +AQ2 ()

)\PQ (.’I})
/\QQ (.Z‘)

) /\P (:c)
< APy (z)1o + APz () 1o
= AD (P1]|Q1) + AD (P||Q2)

Where () holds because log (+) is concave and non-decreasing.
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3.4.5 Convexity of I (Q,W) w.r.t. W

We can now prove that:

Theorem 3.6 (Convexity of I (Q,W) w.r.t. W). I(Q,W) is convex w.r.t. W,
i.e. for all A € [0,1], W1, W, Q € Q:

T(Q; AW + (1 = X)Wa) < A(Q, W)+ (1 = \) 1 (Q, Ws)

Proof

We can write:

1(Q,W) = D(QoWI[Q(X) (@W) (v))

18 (ol 1o QW (5l)
= L Q@W bla)los e G )

We know that:

Qo (AW +AW3) =X (QoWi) + A (QoWa)
Q (AW + AW2) = X (QW1) + X (QW>)

Thus:

I(Q, AWy +AWs) = D (Q o (AW +AW2) [|Q (X) (Q (AW + AW?)) (Y))
=D (AM(QoW1) + X (Q o Wa) [[AN(QW1) + A (QW2))

By applying the of relative entropy we prove the theorem.

3.5 Data processing inequality

The data processing inequality (DPI) is another important theorem regard-
ing channel coding.

Theorem 3.7 (Data processing inequality for D (P||Q)). D (PW||QW) <
D (Pl|Q)

Proof

41



We can write:

— (PW) (y)

D (PW||[QW) = y;y (PW) (y) log P ()
>pex P (@)W (ylz)
- @;1 <zeZXP Wlvk) ) o Y owex @ () W (y|x)

P (2) Whytz] —
< %;P W (y|x) log Q () Whyfz) (Cog-sum)
= ¥ Pz g = D(PIQ)

zEX

L
Let’s now consider a recording of a Luis Armstrong track X produced Y in
the 1930s. The track Y is remastered on Z. There is no way to improve the
quality of the sound given the recording Y, and this is what the data processing
inequality for the mutual information:

Theorem 3.8 (Data processing inequality for mutual information). Given three
input variables X,Y, Z such that X —o—Y —o— Z, then I (X;Z) < I (X;Y).

Proof

We can write:

I(X:Y,2)=1(X;Y)+1(X;Z|Y)
I(X:Y,2)=1(X;Z)+ 1 (X;Y|Z2)

It follows:
0
I (X;Y)+1(X; =I1(X;2)+1(X;Y|Z X oY o7
(X V) + L2V =1(X;2)+ [(X;Y]2)  ( )

>0
— I(X;2)<I(X;Y)

3.6 Channel coding theorem

We will now prove the following theorem:

Theorem 3.9 (Channel coding theorem). Given a DMC W, it holds that:
C =00 =max I (Q,W
gyt (@)

To prove this theorem, we will split it in two parts:
1. Direct part: C > C()

2. Converse part: C' < C)
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3.6.1 Converse part
To prove the converse part, we will first state and prove the following lemma;:

Lemma 3.1. Given a arbitrary X™ ~ Pxn, and Y; being the output of input
X; passed through channel W, it holds that I (X™;Y"™) < nC()

Proof

Considering the fact that the channel is a DMC, it implies that ¥; L Y; and
Y; L X for i # j. It follows

I(X™Y") =H (Y™ —H((Y"X")
— iH (}/1|Y171) o Zn:H (}/1|Yi71,Xn)

We can now prove the converse part, i.e. C < CD:

Proof

To prove this theorem we will use the following tools:

e [Fano’s inequality} H (W1Y) < p.log(|W]|) +1

«DPL W o X —— Y = [(W;Y) <I(W;X)
e Lemma 3.7
First, we consider the following mapping:

fM=X", M={1,...2"%Y  f(m)=2(m) = (1 (m),...,z, (M)
¢o:Y" > M

A= S0 TIW @il (m)

yio(y#m) =1

We need to prove that Apax = max,,eam Ay — 0 implies R < C(I), meaning that
if a rate is achievable it must be smaller than C). Without loss of generality,
we will consider that the messages are drawn uniformly at random. To makes
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things easier, we will consider the case in which:

1
Pe(n) = TAaql Z >\m
|M| meM

m%Pr(Mm)Pr(M#m|Mm)

1/1M] N
:Pr(M;éM) —pe =0

(note that this implies the original assumption). We have that M —o— X™ (M) —o—
Y™ —o— M, thus:

nR=H (M) = H (M|NT) + 1 (M; 1) (Def of 1 (M;17))

<pelog M| +14+1 (M; M) (Fano’s mequality])
= P og | M| +1+1 (M;01)  (pe = PI)
<PMpR+141(X™Y") (DPI)

1
=n <P€(")R+ > +1(X™Y™)
n

1
<n (p;nm " ) e CemmasD)
n

Now we can compute the limit for n — oo:

0
R < MB%% +aCD

— R<c®
This implies that:

C < o

3.6.2 Feedback channel

What would happen if we introduce feedback from the output to the input?
Could this improve the capacity? The idea here is that the encoder takes into
account also the previous outputs, i.e.

Ty = fl(ma yi_l)

Theorem 3.10 (Capacity of feedback channel). In a feedback channel, even
with perfect feedback, if R is achievable, R must be smaller than C'1)
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Proof

As in the previous proof, we can write:

I(M;Y™) =H(Y™"™) — H(Y"|M)
_ - yi—1) - : i—1
=Y H@Y"™) =Y HW| Y, M )

) =1

N
[y

zi=f(y'~*,m)
n

H(Y)~) H(YiX) (Theorem 1.10)

i=1

-

s
I
—

I(X3;Y;) <nC)

I

Il
-

K3

We can then proceed as in the previous proof

3.6.3 Direct part

To prove this part, we need to introduce some important notions:

3.6.3.1 Joint typicality

The first one is joint weak typicality

Definition 3.6 (Joint strong typicality). Consider two chance variables X,Y
defined over alphabets X, Y, with joint distribution Pxy € P (X x Y). Given
an integer n and € > 0 we define the joint strong typical set as:

T (Pxy)={(&mn) € A" x Y™

%N ((a,b) |§,Q) — Pxy (a,b)| < ePxy (a,b),V(a,b) € X x y}

Definition 3.7 (Joint weak typicality). Consider two chance variables X,Y
defined over alphabets X, Y, with joint distribution Pxy € P (X x Y). Given
an integer n and € > 0 we define the joint weak typical set as:

A (Pxy) ={(&n) € A" x Y™

27n(H(X,Y)+6) < HPX,Y (51’771) < 27n(H(X,Y)75)’
=1

2—n(H(X)+e) < HPX (&) < 2—n,(H(X)—s)’

i=1

2—n(H(Y)+6) < HPY (772) < 2—n(H(Y)—e)}
i=1
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We also introduce some properties:

Lemma 3.2. If (z1,11), (z2,y2) , -\, Iy Px y then it holds that for n — oco:
Pr((X",y") € AP (Pxy)) 1

Lemma 3.3. It holds that

AEn) (PX Y)’ < on(H(X,Y)+e)

Lemma 3.4. It holds that ‘AE") (PX7y)‘ > (1—¢) on(H(X,Y)—e) for n large
enough.
These lemmas derive directly from the properties that we previously derived for
E")(P) by setting P = Px y. Another lemma that we need is the following:
Lemma 3.5. If (z1,y1), (z2,y2), .-\, 1y Px x Py, i.e.:
e X" Y™
o x» X0 py

e v X0 p,
Then it holds that:

Pr ((X'n7 Yn) c Agn) (nyy)) < 2—n(I(X;Y)—36)

We are also going to prove this last lemma:

Proof

We can write:

Pr ((X”, Y™y e AM (PX,Y)) -

Pr (X" =&Y" :77)

—~
.
=

(em)eAl” (Pxy)
T Pr (X" =¢)Pr (Y™ = 1)
(&m)eA (Px.y)
(g) Z 2_n(H(X)—e)2—TL(H(Y)—€)
(&m)eA (Px.y)
) g nH ()= g n(H (V) =0) gu(HXY) 0
— 9—n(H(X)+H(Y)—H(X,Y)=3¢)

— 27n(I(X;Y)73€)

Where (i) holds because X, L Y, (ii) holds because { € AE")(PX),Q €

AE”)(PY) (definition of joint weak typical set) and (7i¢) from
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3.6.3.2 Proof

We can now prove the direct (achievability) part, i.e. C' > C():

Proof

We need to show that given a DMC W, if R < C), then R is achievable, and
this implies that C' > C). To do so, we will proceed in two steps:

1. We show that 3{C(™} s.t. P ) "=70

n—r oo

2. We show that 3{C™} s.t. Apax 0

Step 1: we build a weak joint typicality decoder determined by Px y,€,n.
Given an output sequence y, it checks:

(z(1),y) € A (Pyy)

(2 (2"7) ) € A (Pxy)

If it finds only one z (1) such that (z (m),y) € AE")(PX,Y) then it concludes
that the correct decoding is m» = m. If it finds none or more than one it
concludes that it cannot decode y correctly. Our objective is to show that:

> P(C) P (C) < small (€)
C

— 3C* st. P™ < small ()

So how do we build our encoder? Our encoder will encode every message with
n bits. We notice that the total number of bits in the encoder is the number
of total messages 2"% times the number of bits n. We sample these bits from a

e . IID . . .
distribution Q: 2"%n entries "~ @Q. From now on we will use this notation:

¢ A =0 P(C) A (C), me M
« PV =¥ PP

(n) _
b Pe - ﬁzmeM /\m
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Because the code-words are chosen IID, we can write that X\, = A\ Ym € M:

P =3 P(e)P™(C)
C

=Y P@ g X M@
c

meM
1 _
= R YD POME@ =N
meM C
Am

Now, if we show that A\; — 0, then we also show that \,, — 0 = ?i") — 0.
Now we ask, what is the source of randomness in this experiment? We are
sending my over the channel W which is a source of randomness, and the encoded
x (m1) randomness depends on the distribution . We can write:

QX)W (YIX)=QoW =Pxy
(@1 (m1) ,41) s (22 (M1) ,42) s ooy (2 (M1) ) X QoW

How do we compute A\1? If we denote with E; the event of the output Y being

jointly typical with = (m;) (i.e. (z(my;),y) € A (Pxy)), and with E; the
complementary event, we have:

QnR
)\71:131' EIUUE]mzl
j=2
2nR
<Pr(Eylm=1)+ Z Pr(E;lm =1) (Union bound)
i=2

From the complement of the asymptotic equipartition property we know
that for n — oo, Pr (Eﬂm = 1) — 0. Regarding the other term, we know that
y is generated according to y ~ W, and is dependent on row 1 (we are sending
message 1, meaning that we encoded it with the first row of our code book).
We also know that x (m;) o @, and for j # 1, x; is independent of y. This
means that we are in the situation described in and we can write
that:

Pr(Ejim=1) < 9~ n((QW)=3¢) for j#1

We have established the values of the two terms, this means that:

27LR

Xl S Pr (El) + ZPI‘ (Ej|m = 1)
1=2
n;go Xl S (2nR _ 1) 2—n(I(Q,W)—3e) ~ 2—n(I(Q,W)—35—R)
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This implies that for R < I(Q, W) — 3¢ we have that Pén) — 0. Hence, for
R < I(Q,W) the probability of error goes to 0, and have proven Part 1.

Part 2: if we have R < I (Q,W) we have proven that for all €, we can find

a code C* such that for a large enough n, Pe(n) (C*) < e. Let’s now order the
errors for all the messages in ascending order:

A (C*) < Ao (C*) < -+ < Agur (CF)

What happens if we throw away the bad half of the code-words? First we note
that given a sequence a; < as < -+ < ag,, such that Z?il a; < 2ve and a; > 0,
it holds that:

2v 2v
2ue>ZaiZZai2al,1/:>al,<26
i=1 i=v+1

We note that P{™ = 1 ETR Am < €, which impli 2 ni

A TR D i1 Am , plies Y7 | A < 2™%e. Thus,
if we throw away half of the code, we bound A\pax < 2€, meaning that for n — oo,
Amax — 0. But what happens to the rate? The reduction in the rate we obtain
does not influence the rate. The rate R’ we would obtain if we throw away half

of the messages we obtain:

_ log(JM]/2) _ log|M| log2 noo log| M|
n n n n

R’ R

This implies that for n — oo, if Pe(n) — 0 then Amax — 0. Thus, we have proven
Part 2.

Conclusion: we have proven that to have Apax e 0, it must hold that
R < I(Q,W) — 3e. As this holds for every ¢ > 0, we have proven that if
R < I(Q,W) (which implies R < maxg I (Q,W)), then R is achievable. This
implies that ¢ > ().

3.7 Fano’s inequality for sequences
We are going to state and prove the following:

Theorem 3.11 (Fano’s inequality for sequqnces). Given a k-long sequence U,
observations Y™ and decoded observations U* (Y™), if we define:

P.;=Pr (Ul- ”] U)

k
D Fes
i=1

Pavg:

| =
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Then it holds that:

1 ~
ZH (U’“|U’“) < Hy (Payg) + Payglog (U] — 1)

Proof

We can write:

1 (00) =32 (00 .0)

=1
1 .
<> (vi) (Theorem L10)
=1
k
1
<2 (Hy (Pei) + Peglog (U] = 1) (Fano's inequality)
=1
1 k 1 k
==Y Hy(Poy)+~—Y P.ilog(U|—1
’f; b ( ,>+k; log (U] — 1)
1 k
:%ZHb(Pe,i)+Pavglog(‘u|_1)
=1
< Hy (Pavg) + Pavg log (U] — 1) ([Concavity)

3.8 Source-channel separation

In digital communications, usually, the source and the channel are separated.
Does this influence the amount of information we can send?

Theorem 3.12 (Source-channel separation theorem). Given a source U that
produces symbols at rate p = k/n[src symb. / ch. uses], and a channel with
capacity C it holds that:

1. If H(U) - p < C then the source can be communicated reliably with the
channel separation approach

2. If H(U)-p > C then the source cannot be communicated reliably with the
channel separation approach

With reliably we mean that Pr (U" # U’“) "20.

Proof

Part 1: the proof is really simple. We can use the weak typical set AE”)(PU).

If the sequence produced belongs to A (Py), we send the tuple containing the
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address of the sequence. We know that:
AL (Py)| < 2+ 5)

This means that we will need k (H (U) + ¢€) bits to describe one address. We
have that the source produces p source symbols per channel use, so if we find
a code book such that p (H (U)+¢€) < C we are done. We note that we have

errors if the source sequence does not belong to AE")(PU). From the AEP we
know that the probability of this goes to 0 with n — oo, and we have proven
the first part.

Part 2: we consider that the source can be reliably communicated with the
channel-separation approach. As the source is memory-less, we note that H (U k) =
kH (U):

1 1 N 1 N
k k k k k k
H(UY) = L H (U*) = 1 (US0*) + 2 1 (UF)0F)
1 ~
< 21 (U0 ) + Hy (Pavg) + Pavglog (U] 1) (Fanos for seq)
1
< LI (X™Y™) + Hy (Pavg) + Pavg log | (DI

1
< 2nC + Hy (Pasg) + Pavg log |1 (Lemma 3.T)

For n — oo we notice that the second and third terms go to 0 by hypothesis.
This implies that:

H(U) < %c — HU)p<C
This condition is necessary for reliable communication, implying that if
H{U)p>C

the source cannot be reliably communicated via channel-separation.

4 Rate-distortion theory

For now, we have considered almost lossless coding. We now introduce rate-
distortion theory, which takes into account the cases in which we allow some
distortion. Let’s consider a memory-less source on alphabet X with PMF Px.
We pass the input to our channel and obtain an output in alphabet X (we
usually consider X = X):

Definition 4.1 (Distortion function). Given an input alphabet & and an output
alphabet X, the distortion function is a function d : X x X — R,
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Example 4.1

Let’s consider the input alphabet X = {0,1} and the output alphabet X =
{0,1}. The Hamming distortion (or Hamming distance) is the function:

dH(a:,fc){l if x#d

0 otherwise

We can also extend the definition:

Definition 4.2 (Distortion function for sequences). Given a distortion function
d, an input sequence X" and an output sequence X", the distortion of the
sequence is:

a(xm %) = % Zn:d (%, %:)
i=1

4.1 Rate

Let’s now consider having an encoder/decoder scheme:

foxm = {1,.., 20
¢:{1,..,2"F) —» x°

We want to allow a maximal distortion D:

Definition 4.3 (Achievable rate-distortion). We say that (R, D) is achievable
if for any 6 > 0 and large enough n, it exists an encoder and decoder f: X™ —
{1,...,2"F} ¢ : {1,...,2"B} — X" such that:

Eld (X", ¢ (f(X™")] <D+6

Definition 4.4 (R(D)). R (D) is the minimum of all R such that (R, D) is
achievable.

Why do we require the minimum? The idea is that we want succinct descriptions
with low distortion (we are talking about source coding, there is no channel
involved). There is a theorem equivalent to the channel coding theorem but for
rate-distortion:

Theorem 4.1 (Rate distortion theorem (preview)). Given a distortion function
d, a mazximum distortion D, input and output variables X, X jointly distributed
according to Py ¢ it holds that:

RD (D) = min I (X;X) st Ep, [d (X, X)} <D

X, X
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This is equivalent to writing:

RD (D) = min I (X;X) st. Ep,p.

N X|x
X|x

A [d (XX)} <D

| X

We can now look at an example on how to compute R) (D):

Example 4.2

Let’s consider a Bernoulli variable Px ~ Ber (p), the Hamming distance dy and
X=x={0,1}:

If D > min{p,1 — p} we can show that R) (D) = 0. First we observe that
RU (D) > 0. If p > 1/2 we can choose Pg|x to be deterministically 0 (in
the case p < 1/2 deterministically 1). We can show that this achieves the
constrained minimum. Let’s consider the case in which p > 1/2. We consider
the expected distortion:

Epypg [d (X, X)] =323 Px (&) Py, (#)d (2.8)

=p-1-0+p-0-14(1—p)-1-1+(1—p)-0-0
=1-p<D

We can proceed analogously for the other case, and we can conclude that
[d (XX)} < D for
D > min{p,1 — p}. As we have chosen a deterministic output, we have that
I (X; X) = 0 which implies that R!) (D) = 0.

with this encoding/decoding scheme, we have Ep, Py ix

If D < min{p,1 — p}. First we not that we can express the distortion as d =

prpmx X @ X|. We can now write:

I (X;X) —H(X)-H (X\X)

—H(X)-H (X0 X|X)  (Progx (X) = Py (X))

The last inequality holds as X @ X is a Bernoulli variable with probability of
success < D. We now have to find a probability distribution that achieves the
inequality with equality:

(i) holds with equality if X & X L X. This holds if X = X & Z with Z L X

]



(i) holds with equality if E {X @ X} — D, which holds if Z ~ Ber (D)

Can we find a distribution PX| « for which these two conditions hold? The
answer is yes, if we define X ~ Ber (¢9) and Z ~ Ber (D), then X = X®Z~
Ber (p):

_p—D 1-D-p

“1-2D 1= "9p

We have found a distribution for which the minimum is achieved. We can
conclude that for a Bernoulli experiment:

RD (D) = {Hb (p) — Hy (D) if D <min{p,1—p}

q

0 otherwise

R(D)

Hy (p)

D

Figure 9: R (D) for a Bernoulli experiment

4.2 Rate distortion theorem
We will now prove the rate-distortion theorem:

Theorem 4.2 (Rate distortion theorem (preview)). Given a distortion function
d, a maximum distortion D, input and output variables X, X jointly distributed
according to Py ¢ 1t holds that:

R(D) = R" (D) = min I (X;X) st Ep g [d (X, X)} <D

X, X
Will prove this in two steps, as we did for the channel coding theorem:

1. Direct: for any € > 0, > 0, if it exists Py x is such that

Eperg,, [d(X.X)] <D
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then it exists a code f, ¢ of rate I (X; X) + € such that

Epy g, [d(X,6(f (X)) <D +35

2. Converse: for any rate-R scheme f, ¢, it holds that

Epy g« [d (XX)] <D = R(D)>R" (D)

4.2.1 Proof of the converse part

4.2.1.1 Properties of RY) (D)

To prove the converse part we need the following theorem:

Theorem 4.3 (RY) (D) is monotonically decreasing, convex and continuous).
RU (D) is monotonically decreasing, convex and continuous, i.e. for all § > 0
it holds that:

RD (D +6) < RY (D)

Proof

We show the following: given D(® DM X € [0,1] and X = 1 — )\, it holds that:

RO (AD© +XDM) < A RO (DO) 4XR® (D) with

pO J219
X|x XX

o> Px@P{_ (@X)d(2,#) < DO

ZZPX () P)(E'1|)X:m (#|X)d (z,2) < DD

We consider )\P)(A(O‘)X + XP)(;RX' We are going to prove that this distribution sat-

isfies the distortion constraint < AD©) + XD, By linearity of the expectation
we can write:

AP© L xp) [d (X7 )A()} =

X|x X|x

— Z Z P, (x) ()‘P)(?OI)Xm + XP)?\)sz) d(z,2)
&

= Z P, (x) (P)ﬁfl)sz) d(w, )+ Z P, (z) (p;;q) d(z,2)

<D <D
<ADO + XDW

E
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Now we claim that
I (X; X) < ARD (D<0>) L XRD (D(U)

0 yp®
)‘PX\X+>\PX\X

By [convexity] of I (Q, W) w.r.t. W:
I (X; X) < AT (X; X) T (X; X) < ARD (D<°>) 4+ AR (D<1>)
N ST N S

0 L y¥p@ (0) )
AP AN Px P PxP{)

4.2.1.2 Proof

We can now prove the converse part, i.e. for any rate-R scheme f, ¢, it holds
that

Epy g, s [d (X, X” <D = R(D)>R" (D)

Proof

We consider X™ "2 Px and an encoder decoder scheme f,¢. We first show
that nR > I (X”; X”) The encoder f given an input sequence X™ produces
a message J € {1,...,2"%} it follows:

I (X"X”) < T(X™;) (DPI)
—H(J) - HXT = F(X™)

< log (Q"R) =nR

We define D; — E[d (x“i“l)] Since I X”,X") — H(X”) — H (Xn|f(n>’ we
can write:

nR>H(X") - H (X"|X”)

_ zn:H (X;) — zn:H (Xi|X"*1,X”)

> iH(XZ-) —iH(Xi|Xi) (Theorem T10)
= zn:f (Xl,XZ>
=S RO (D) (R (D) = minT (5 X:))
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Our hypothesis is that:

It follows:

1 n
> RU) ( Z Di> (Convexity| + |[Jensen’s ineq.|
Lt

> R (D) (Monotonicity)

We have proven the converse part of the theorem.

4.2.2 Proof of the direct part

To prove this part we need three lemmas:

4.2.2.1 Lemmas

Lemma 4.1. Given n independent Ber(p) random variables, it holds that:

lim Pr(success) — 1
np— oo

Proof

We can write:

Pr (failure) = 1 — Pr (success)
=(1-p)"
(e_p)n (520 = 1—§§e_§)

—np NP0

=e — 0

IN

Lemma 4.2. Given a non negative function g : X — R, a sequence strongly
typical w.r.t. X ~ P, i.e. x € 72(”), it holds that:
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Proof

The strong typical set 7 (P) is defined as:

70 (p) = {x e xm ‘iN (alz) ~ P (a)

<eP (a)}
— %N(a@) <(1+¢)P(a)

Thus, we can write:

n

S3 g = 3 N (ala) g (@)

i=1 a€EX

<> P(l+eg(a)

acX
= (1+ 0 Eplg (X))

Lemma 4.3. With 0 < € < € fired, PMF Pxy on X x Y for sufficiently large
n, if x € 7;§n) (Px) and {y;} 12 Py, it holds that:

pr((L y) € T ( PXVY)) > 9~ n(I(GY)+40x,v)

where I (X;Y) is computer w.r.t. Pxy and dxy 2

4.2.2.2 Proof

We can now prove the direct part, i.e. that for any € > 0,4 > 0 if it exists Pqu
is such that

Epxpg x [d (X,X)} <D
then it exists a code f, ¢ of rate I (X; X) + € such that
[d(X, ¢ (fF(X))] <D+

EPXPX\X

Proof

We consider a random code book of 2% code-words, and denote Z (5) the j*&
code-word of this code book. Let’s consider a source X. We use a strongly
typical encoder f : X" — {1,...,2" %} w.r.t. PXPX\X' The encoder look for

# () such that:

(2.2 () € TS (PxPg )
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If one or more Z (j) is found, the encoder encodes the code-word with the lowest
index in the set among the indexes of those &, otherwise it fails and maps it to
1. Based on the encoded index j, the decoder ¢ produces the j** sequence from

T (PXPX| X). We know that in case of

e Success: the distortion is upper bounded by:

A0 (f @) = 5 > d (i)
i=1

IN

(14 ) Epyrg [d (X, X)] (Cemma 12)
=(l1+¢D (Hypothesis)

e Failure: the distortion is upper-bounded by dax.

This means that the expected distortion is upper bounded by D + €D + &' dpay.
—_——

§
We have that the two sources or randomness are the random code book and the
random sequence:

(success) Z P (C) Pr (success|C) = Z P (z) Pr (success|z)
zEX™

We can write:
Z P (z) Pr (success|z) =
zeX™
Z P (z) Pr (success|z) + Z P (z) Pr (success|z)
zeT™ 2T
Z P (z) Pr (success|z)

geTe(")

Let’s consider a €' such that € < e. By strong AEP| we know that:

lim Pr (x € 7'( (PXP)AqX)) —1

n— oo

We note that we are in a case where the code-words are drawn independently.
We have 2" tries to find a j.t. #. Together with this means that
we have a Bernoulli experiment with an expected number of successes lower
bounded by:

gnRo—n(I(X;Y)+48x ¢)

This tends to infinity as long as R > I (X;Y) 4+ 44y ¢. From [Lemma 4.1| we
——
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conclude that:

Z P (z) Pr (success|z) — 1
£67-5(")

=—> Pr(success) — 1

We have found that for R > I (X;Y)+¢, we can find a code book which achieves
expected distortion upper bounded by D + §.

5 Multi-terminal information theory

We now consider the case in which instead of one source, we have two, as
illustrated in |Fig. 10

(X1, Y1, ., (X0, Y0)) P Pxy

Tell1,... o
Xoo o X 1 ENcODER 1 L } o
3 ) ()
S
Yi,.... Y, Je{l,... 2" m
——] ENCODER 2 T

Figure 10: A 2-terminal channel

As previously, our objective is to make sure that:
Pr ((X"Y”> ” (X”,Y”)) "2
What rates Rx, Ry make this possible?

5.1 Slepian-Wolf coding

Theorem 5.1 (Slepian-Wolf coding). Given two sources and a joint encoder,
the bound for the lossless coding rates are:

Rx > H (X]Y)
Ry > H(Y|X)
Rx + Ry > H(X,Y)

These bounds are illustrated in
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H(X]Y) HEX) H(l;',X) Rx

Figure 11: Rate bounds - Slepian-Wolf coding

Before proving this theorem, we state and prove the following;:

Lemma 5.1. Given a chance variable X, every rate R > H (X) is achievable

Proof

We consider X ~ P. We show that R > H (X) is achievable by binning. We
create 2% bins: our encoder f : X — {1,...,2"%} chooses the bin uniformly
at random, and passes the address of the bin to the decoder ¢. The decoder
looks for a typical sequence w.r.t. P in the given bins and returns if it is found,
otherwise it fails. We now can look at the error probability:

Pr (error) = Z P(X"™ = z)Pr(error| X" = x)
TEAX™

We note that if z ¢ A™ (P) then Pr (error| X" = z) = 1. Instead, ifz € A™(P)
then we have an error if it exists 2’ such that z’ € AE")(P) and z and z’ are
mapped to the same bin. We call this event E, we can write:

Pr(E) < > Pr(f@)=f(2) (Union bound)
g 2-nR
2 € A"(P)
=27 (|Am(p)| - 1)

< 27RO+ (Cemma )
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Thus, we can write:

Pr (error) = Z P (X" =zx)Pr(error| X" =2x) =

Xnexn
= Z P (X" = z)Pr(error| X" = z)
2/ g A" (P) =1
+ Z P (X" = z)Pr(error| X" = x)
/e AT (P) <9-nRon(H(X)+e)

By [weak AEP| we know that if n — oo then Pr (Q ¢ AE")(P)) — 0, meaning
that:

Pr (error) < 2 "Rgn(H(X)+¢)

For n — oo, we notice that the RHS of the inequality goes to 0 for R > H (x)+e¢,
meaning that every rate R > H (X) is achievable.

We also need the following lemma:

Lemma 5.2. Having fived y € Y™, it holds that:

Hﬁ cx": (§y) € A@(PX,Y)H < gn(H(X|Y)+2¢)

Proof

If we consider (§, y) € AE”)(PX,Y), we can write:

Pr((X",Y") = (£))
Pr(Y" = y)
2—n(H(X,Y)+e)

Pr (X" ={Y" =y) =

= (Def. AP (Pxy))
— 9—n(H(X,Y)~H(Y)+2e)

_ 27H(H(X|Y)+2E)

Now we can write:
1> Z Pr(X”:§|Y":g)
§ e X’!L
(&y) € AL (Pxy)
> Z 2771(H(X|Y)+26)
(..)

— 27n(H(X\Y)+25)

{eeam: (cy) e A Py
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Which implies:

{eexm: (gy) e AP (Pxy)}| < 2#EX W20

5.1.1 Proof of the direct part

We can now prove the direct part of the Slepian-Wolf coding theorem, i.e. that
given two sources and a joint encoder such that:

Rx > H(X|Y)
Ry > H (Y|X)
Rx + Ry > H(I‘LY)

then (Rx, Ry) is achievable.

Proof

To prove this, we use a similar strategy as in the proof of In
this case, the encoder bins the sequences X", Y™ independently and sends the

addresses (4, j) of the bins to the decoder. The decoder ¢ looks for jointly typical
sequences w.r.t. Pxy in the bins (4,j) and returns if it is found, otherwise it
fails. We now try to identify the source of errors. First, we note that

(g, g) ¢ AE") (Pxy) = Pr (error|X” =z, Y" = g) =1

Instead, if (g, y) € AE’”(PX,Y), we have an error if:

€1,2. It exist 2,y such that 2’ # z,y" # y and they have the same description:

Az’ # g,y’ #y st
(2',y) € A(Pxy). fx (&) = fx (@), fv (¥/) = fv (y)

€1. It exists z’ such that z’ # z and they have the same description:
3 #x st (2)y) € A (Pxy), fx (&) = fx (x)
€2. It exists y' such that 3 # y and they have the same description:

Ay st (zy) € A (Pxy) fr () = fr (v)
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€1,2. We can write:

Pr (e1,0) < > Pr| fx (@) = fx (@) A fy () = fr (y)
(' y) : 27X 2Ry
' Fry #y,
(@) € A (Pxy)
— 2—n(Rx+RY)

—
N

— 2—n(Rx -‘rRy)

AE")(PX,Y)’
< 9RO (HOX Y ) (Cemma 2
which implies that €12 — 0if Rx + Ry > H (X,Y) +e.

€1. We can write:

Pr(e) < Z Pr(fx (z) = fx (2))
' #a 2 nRx
(z/,y) € Agn)(PX,Y)

=27 fix Hg’ (2 y) € A (Pxy), 2 # z}(
< 9—nRx 2n(H(X\Y)+26) (]Im)
which implies that e — 0 if Rx > H (X|Y) + 2e.

The proof is analogous for e2. By the union bound, we conclude that Pr (error) —
0, and we have proven the direct part of the Slepian wolf coding.

5.1.2 Proof of the converse part

We can now prove the converse part of the Slepian-Wolf coding theorem, i.e. that
given two sources and a joint encoder, (Rx, Ry) is achievable if

Rx > H(XY)

Ry > H (Y|X)

Rx +Ry > H(H)Y)

Proof

€1 Suppose we have a scheme that drives the probability of error to 0. We call
I, J the output variables of the encoder. First, we note that because of
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inequality for sequences| we can write:

1
HOE Y™ 1) < 1 o) = o (5 os(1) + )

€n

We note that ¢,, — 0 as n — oo. It follows:

nRx > H (I)

> H(I[Y™)
0

= [(X"IY") + H (L¥77) (= fx (X™)
= H(X"|Y") - H(X"|I,Y") (chain rulel)
> H(X"Y") - H(X"I,J,Y™") (Theorem 1.17)
> H (X"|Y") - ne, ([Fano’s for seq)
=nH (X|Y) — ne,

The last equality holds because the sources are memoryless, meaning that

(X1, Y1) 5o (X0, V) "&2 Pxy. Tf we divide by n, we obtain Rx > H (X[Y) —

en "% H (X|Y). The proof is analogous for €;.

€1,2 We can treat (X,Y) as one chance variable Z. From part 1 of the
coding theorem| we know that if the compression is Rz > H (Z) + € then the

probability of error is driven to 0:
Rz = Rx + Ry ZH(X,Y)+€:H(Z)+E
This is a necessary condition, as stated in part 2 of the theorem.

We have proven that errors ej,es, €12 are driven to 0 only if the rates are
bounded as stated in the Slepian-Wolf coding theorem.
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Appendix A Probability
Variance Var(X)=E[(X - E [X])Z] =E[x?] —-E[X]?

Variance of sum Var (aX + fY) = a?Var (X) + 3?Var (Y) — 2a3Cov (X, Y)

Expected value of product If X;,..., X, Pp —=E I1X:] =T1E[X]

_ P(AB)

Conditional probability P (A|B) 20

Law of total probability P(A) =5 P(A|B;)P(B;)
— PB|A)P(B)
Bayes theorem P (A|B)= —ay
Probability of union Pr(AUB)=Pr(A)+Pr(B)—-Pr(ANB)
Union bound Pr (|, E;) <>, Pr(E;)

Bernoulli r.v. X ~ Ber(p): P(1) =p,P(0)=1—-p. E[X]=p, Var(X) =
p(1=p)

Multiple Bernoulli exp. Xi,...,X, 10 Bey (p).Z = >, X;, the proba-
bility of z successes is given by P (Z = z) = (Z p*(1—p)" =

. . E[X]
Markov inequality Pr[X > §] < =

2

Chebyshev’s inequality Pr(|Y — p| > ¢] < %2

o2
ne?

Weak law of large numbers Pr [\771 —pl > e] <
tions of random variables)

(holds also for func-
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